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Zagreb Indices and Zagreb Polynomials of Benzenoid
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Abstract ;: Topological indices are numbers associated with the molecular graph of chemical compound and are helpful to determine prop-
erties of concerned compound. Like topological indices, algebraic polynomials also play vital role in this direction. This article is
devoted to the computational facts of some families of Benzenoids to give closed formulas of some Zagreb Indices which depict physio-
chemical activists of these molecular chains and closed forms of Zagreb polynomials of these Benzenoid structures.
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1 Background Knowledge

In the last decade, discrete geometry and graph theory played a synergic role in the area of research of
nanomaterials and nanosciences. It conferred chemists with a variety of useful tools like polynomials, eigenvalues
and topological indices to predict some properties of latest synthesized nanomaterials theoretically. To engineer a
nanomaterial endowed with a proposed properties, one can control structural sensitive properties like fracture
toughness, yield stress etc. through Cheminformatics. It combines mathematics, chemistry and information science
to analyze quantitative structure activities that are used to anticipate the biological properties of compounds,
see [1—2].

Here, our main task is to compute first multiple Zagreb index PM, (G), second multiple Zagreb index
M,(G) , hyper-Zagreb index, Zagreb Polynomials M, (G,x), M, (G,x) for some families of Benzenoids. A
topological index is a numeric graph invariant which characterizes the topology of the graph. Some topological

indicesare distance based while others are degree based. These indices and counting related polynomials are of great
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importance and play a vital role in chemical graph theory and particularly in chemistry. In more precise way, a
topological index Top(G) of a graph G, is a number with the property that for every graph H isomorphic to G,
Top(H) =Top(G). Wiener in [3] introduced the idea of topological index in the realm of paraffin. It is the first
and most studied topological index in every respect defined as the sum of distances between all pairs of vertices in
G, for more details see [3]. Later Gutman and Trinajstic introduced first Zagreb index in 1972'*). The first and

second Zagreb indices of a graph G are defined as:

M (6) = 3 [deg(u) +deg(v) ]; (1)
ML(6) = % [deg(u) xdeg(n) . (2)

In 2013, Shirdel et al. in [5] proposed “hyper-Zagreb index” which is also degree based given as:
HU(G) = 3 [deg(u) +deg(v) 1% (3)
In 2012 Azimi and Ghorbani'® proposed two new variants of Zagreb indices, The first multiple Zagreb index as

PM,(G) and second multiple Zagreb index PM,(G) of a graph G is defined as:

PML(G) = T, [deg(u) +des(v) ): (4)
PML(G) = ], [deg(u) xdeg(v) ). (5)
The first Zagreb polynomial M, (G, x) and second Zagreb polynomial M, (G, x) are defined as:
Mi(Gx) = 3 bt (6)
wek(G)
MZ(G,x) — 2 x[deg(u)xdeg(n)]' (7>
weE(G)

Nowadays there is an extensive research activity on these indices and on these polynomials are available.
We start with a family of Benzenoid molecules, which is called Circumcoronene Series of Benzenoid H, . The
Circumcoronene series of Benzenoid is family of molecular graph, which is constructed by several copies of benzene (Cj)

on circumference. The first terms of this series are H, =benzene, H, =coronene, H, =circumcoronene, see Figure 1.

H, 1=C6
(=benzene)
Hy=Ca(Cy)
(=coronene)

Hi=circumcoronene

Figure 1 The First Three Graphs H; H, and H; of Circumcoronene Series of Benzenoid Hj

In chemistry, physics and nanoscience, there are especially symmetric structures. Such molecular graphs are
Capra-designed planar Benzenoids. Capra Ca map operation is a method of drawing and modifying the covering of a
polyhedral structure, introduced by M. V. Diudea (see Figure 2) and used in many papers. In Refs [4, 6] some
connectivity topological indices of Capra-designed planar Benzenoids are computed.

Voo 4
e

R

s
= -

Figure 2 An Example of Capra Map Operation on the Hexagon (Benzene) Face
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2 Results

Now we formulate our main results.

Theorem 1 Let H, be the Circumcoronene series of Benzenoid. Then

[.HM(H,) =16(6) +25{12(k—-1)| +36(9k’ =15k +6) ;

I.PM,(H,) =4° x5 x g -15k+6,

M. PM,(H,) =4° x62(=1) x g2 -1sk+e,

Proof Let H, be the Circumcoronene series of Benzenoid. Edge set of H, divided into three partitions based
on degree of vertices. The first edge partition E, (H,) has 6 edges uv, where deg(u) =2, deg(v) =2. The second
edge partition E,(H,) has 12(k —1) edges uv, where deg(u) =2, deg(v) =3. The third edge partition £, (H,)
has 9k* — 15k +6 edges uv, where deg(u) =3, deg(v) =3. It is easy to see that |E,(H,) | =d,,, |E,(H,)| =

dy,, 1E;(H,) | =d;;. Now using definitions given in equations (1), (2), (3) we have

[.HM(H,) = Y [deg(u) +deg(v)]’
uv e E(Hy)
— 2 2 2
_MEEI(H“[deg(u) +deg(v) ] +IA”;EAZ‘2<Hk)[deg(u) +deg(v) ] +WEF§(H“[deg(u) +deg(v) ]
—161E, (H,) | +251E,(H) | +361E,(H,) |
—16(6) +25{12(k—1) | +36(9% —15k +6).
I. PM,(H,) = [ [ deg(u) +deg(v) ]
uw e E(Hy)
:lll;EFE[(Hk)[deg(u) +deg(v) ] XWE;;I(HH[deg(u) +deg(v) ] Xlll;ep];[(ﬁk)[deg(u) +deg(v) ]
I AT AU AT LAY
Z 46 5120k=1) o @O 1Sk+6
. PM,(H,) = T[] [deg(u) xdeg(v)]
uwv e E(Hy)
=M.E£[(Hk)[deg(u) x deg(v) | Xuvegw[deg(u) x deg(v) | XME;:I(HA’)[deg(u) x deg(v) ]

=4 | Ey(Hy) | +6|E2(Hk)| +9|E3(Hk)|

S 46 5§20k O - 1Sk+6
Theorem 2 Let Ca,(C;) be the capra-designed planner Benzenoids. Then
I.HM(C, (Cs)) =16(3" +3) +25(4 x3") +36(3(7" -2 x3"""'-1));

II. le(C (Ce,)) :43k+3 X54><3k X63(7k_2><3k71_|);

aj.
. PM,(C, (Cy)) =4 x6" x9> 723010,

Proof Let C, (Cs) be the capra-designed planner Benzenoids. Edge set of divided into three partitions

based on degree of vertices. The first edge partition E,(C, (C,)) has 3" +3 edges uv, where deg(u) =deg(v) =

(lk
2. The second edge partition £, (C, (Cs)) has 4 x3" edges uv, where deg(u) =2,deg(v) =3. The third edge

partition E;(C, (C¢)) has 3 (7" =2 x3""' —1) edges uv, where deg(u) =deg(v) =3. It is easy to see that

ay,

lEl(Cﬂk(C6>) I =d,,, |E2(Cak( Cs)) I =dy, 1E( CQA,(C6>) | =d;;. Now using definitions given in Equation
(1), (2), (3) we have
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LHM(C,(C)) = 3 [deg(u) +deg(v) ]

= 3 [deg(u) +deg(v) ]+ % [deg(u) +deg(v) ]°

’“’EEI(an(Cﬁ)) zurelfz((]ak((fﬁ)

+ 3 [deg(u) +deg(v)]?

m‘eE3(Cuk(Cﬁ))
=161E,(C, (Ce)) 1 +25[E,(C, (Co)) | +36|E,(C, (Co)) |
=16(3" +3) +25(4 x3") +36(3(7" =2 x3* "' -1)).

II.PM,(C, (Co)) [ deg(u) +deg(v) ]

we E( Cuk(CG) )

[ deg(u) +deg(v) ] x I1 )[deg(u) +deg(v) |

m)EE](C(,A.(C(,)) m:eEz(C“k(C())

[ deg(u) +deg(v) ]

w e B3(C,y(Cg))

=4 ‘El((:”k(cﬁ)) ‘ +5 ‘Ez((fuk(ca)) ‘ +6 ‘E3(C%(Co)) ‘

_43k+3 X54x3k X63(7k72x3k7171)

. PM,(C, (Cs)) [ deg(u) x deg(v) ]

w e E( Cak( Ce))

[ deg(u) xdeg(v) ] x [T  [deg(u) xdeg(v)]

M’EEI(C(tA,<C6)) uL‘EEZ(Cuk(Cﬁ))

x I [deg(u) xdeg(v) ]

u11el:'3(Cak< Ce))

—4 | ECaCo) | | 6 1 Ea(CyCo)) | | g | Ea(Cyy(Co)) |

_43k+3 X64x3k ><93(7/:72x3k-171)

Theorem 3 Let H, be the Circumcoronene series of Benzenoid. Then
M,(H,,x) =6x" +12(k =1)x" + (9k* =15k +6)2°;
M,(H,,x) =6x" +12(k=1)x° + (9K =15k +6)’.

Proof Let H, be the Circumcoronene series of Benzenoid. Edge set of H, divided into three partitions based
on degree of vertices. The first edge partition E, ( H,) has 6 edges uv, where deg(u) =2, deg(v) =2. The second
edge partition E,(H,) has 12(k - 1) edges uv, where deg(u) =2, deg(v) =3. The third edge partition E,( H,)
has 9k* — 15k +6 edges uv, where deg(u) =3, deg(v) =3. It is easy to see that |E, (H,) | =d,,, |E,(H,) | =
dy,, |E;(H,) | =ds;. Now using Equations (4) and (5), we have

M,(H, ,x)= Y ldetsde0]
1 - =

we EUHy)
deeg(u) +deg(v) ] + x{d?g(u) +deg(v) ] + deeg(u) +deg(v) ]
w e k1 (Hy) wv e Ey(Hy) wv e E3(Hy)

= ‘E1<Hk) ‘x4 + ‘EZ(Hk) ‘xs + ‘EB(HI;) ‘xﬁ
=6x" +12(k=1)%" + (9K* =15k +6)x°.

M,(H,,x) = Y bt xdet)]

uwv e E(Hy)

deeg(u) x deg(v) ] + x{deg(u,) x deg(v) ] + deeg(u) x deg(v) ]
w e Ey(Hy) wv e Ey(Hy,) uv e E3(Hy)

El(Hk) ‘x4 + ‘Ez(Hk> ‘x6 + ‘E3(Hk> ‘xg
=6x" +12(k-1)x" + (9K* =15k +6)x°.

Theorem 4 Let C, (C4) be the capra-designed planner Benzenoids. Then
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M, (C,(Co),x)=(3"+3)x" + (4 x3")x” +3(7" -2 x3""" —1)a°;
M,(C, (Cq),x) =(3"+3)x" + (4 x3")a° +3(7" =2 x3"" - 1)’

Proof Let C, (Cy)be the capra-designed planner Benzenoids. Edge set C, (Cg) of divided into three
o (Cg) ) has 3" +3 edges uv, where deg(u) =
deg(v) =2. The second edge partition £,(C, (Cy)) has 4 x 3" edges uv, where deg(u) =2, deg(v) =3. The third

partitions based on degree of vertices. The first edge partition E, (C

edge partition k;(C, (C)) has 3(7" =2 %3 =1) edges uv, where deg(u) =deg(v) =3. It is easy to see that
‘El(cak(cﬁ)) ‘ =dy, ‘EZ(Cak(CG>)‘ = dy, ‘E3(CaA,<C6))‘ = dy;. Now using Equations (6) and (7),

we have

M€, (C) ) = 3 gl
zweE(C"k(C(,))
— deeg(u)+deg(v)J + deeg(14)+(|eg(1z)J + x{deg(u)+deg(n)j
quE](C”k(C(,)) m'eEz(Cak(C(,)) LLL’EE3(C”L(C6>)

= ‘El(C(,k(Cs)) B ‘Ez(c (Cs)) |2 + ‘E3(Cak(c6)> |2°
= (3" +3)x" + (4 x3")x” +3(7" =2 x3" —1)a"

ak

Mo(C(C)a) = 5ttt it

uwek(Cy(Ce))

— x[dcg(u) x deg(v) ] + x[rlcg(u) x deg(v) ] + x[dcg(u} x deg(v) ]
wek(Cqy (Ce)) welr(Cqy(Co)) wek3(Cqy (Ce))

‘El(cak(cﬁ)) ‘x4 + ‘EZ(CU*(C6>> ‘x6 + ‘E3(C(,k(cs)> ‘xg
= (3" 4+3)xt + (4 x3)a° +3(7" -2 x3" - 1)4’.

3 Conclusions

In this article we computed Zagreb polynomials and Zagreb indices of two families of benzenoidal chains.
These computations are helpful in determining physical properties of these molecules and polymers involving them.
These indices can predict properties like heat of formation, and structural properties like fracture toughness without

going in to chemical labs. Thus we can save time and cost.
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