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Abstract: Some properties and forms for the continuity of the duality mapping are discussed. The relations between them and the conti-
nuity of the supporting function coming from the geometric theory of Banach space are aroused. The equivalent relations between the
continuity of the duality mapping and some properties for the n-rotundity modulus in some subsets are proved.
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1 Introduction

Let X be a Banach space,X" and X** be its conjugate space and the secondary conjugate space respectively.

Y x € X ,denote
'}

then F'(x) is a set-valued mapping from X—2" | we call it the duality mapping on X. For a long time ,there have

F(x) = {x* eX Il <x,x" > =|x|=|lx*

been a lot of discussions and applications on the duality mapping in the fields of functional analysis and nonlinearity
analysis. In usual documents,for example in the paper[ 1 ~2] ,the definitions for the continuity of the duality map-
ping were expressed as follows:for xy € X, F (x) is said to be norm-norm continuous at x,,if ¥V & >0, there exists
8 >0,such that Vxe X, ||x —x,| <& implies ||F(x) —F(x,) || <&(or,x—x, implies F(x) —>F(x,));F(x) is

said to be norm-weak continuous at x,,if V& >0, 38 >0,such that Vx e X, ||x —x,|| <8 implies Vy " e X* ",

| <F(x),y"" > — <F(x,),y " >| <&, (or,x—x, implies F(x)LF(xO));F(x) is said to be norm-weak
continuous at x,, if Ye > 0, I8 > 0, such that Vx e X, |[lx—x,/ < & implies Vy e X,

| <y,F(x) > - <y,F(x,) > | <&, (or,x—x, implies F(x)L'F(xO) );F(x) is said to be norm-norm uniformly
continuous on DCX,if V& >0, 38 >0,such that Vx,yeD,|lx —y| <& implies ||[F(x) —F(y)| <e.

Furthermore , F(x) is continuous,weak continuous and weak” continuous on X, means that F(x) is continu-
ous,weak continuous and weak” continuous at every point in X. It is easy to check that for the duality mapping
F(x) ,the following relations hold ; continuity leads to weak continuity ; weak continuity leads to weak” continuity;
F(x) is uniformly continuous on X leads to F(x) is continuous on X.

Noticing that the duality mapping F(«x) is a set-valued mapping, in usual cases, F(x) is a set,may not be sin-
gle-valued, so the descriptions about the continuity of the duality mapping above are not so convenient in some ca-
ses,and sometimes during the process of deduction there even exist some problems on the strictness. Till now, few

papers paid enough attention to the relations between the continuity of the duality mapping and the supporting func-
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tion which comes from the geometric theory of Banach space,which made the work complex. For example ,in[2] the
writer proved the equivalent relations between the continuity of the duality mapping and the rotundity in Banach
space at a length. In fact, as the rotundity could be described by the continuity of the supporting function in the geo-
metric theory of Banach space,through which the proof in[ 2] can be easier.

The purpose of the paper is to discuss the relations between the non-negativity of the n-Rotundity modulus on
some subsets and the rotundity norms in Banach spaces. By the result, the equivalent relations between the continui-

ty of the duality mapping and the non-negativity of the n-Rotundity modulus on some subsets are proved.
2 Properties for the Continuity of Duality Mappings

We first introduce the definition of the supporting function.

Definition 1”7 Let X be a Banach space,S = {xlx e X, ||x]| =1} be the unit sphere of X,if V¥ x e S, there
exist x° € X* ,such that the mapping f, :x—x", <x,f. > =f.(x) =x" satisfies <x,f. > =1 = |f.|, then f, is said
to be the supporting function on the unit sphere S. If for V x € X, there exist t € S and real number A =0 such that
x = At,denote f, =f,, = Af,,and then f, is said to be the supporting function on X.

The continuity of the supporting function f, are described as follows[ 3 ] :for x, € X,/ is said to be continuous at

* %

%, ,1f x—x, implies ﬁ—»ﬁo ;f. is said to be weak-continuous at x, ,if x—x, and forVy " e X" ", <f.,y" " >— <f;0 ,

y" " > ;f. is said to be weak " -continuous at x, ,if x—=x, implies that for Vy e XS () =S, (y) ;f. is said to be uni-
formly continuous in a subset DCX,if V& >0, 38>0,for Vx,yeD,as |x —y|| <8, |f. —ﬁH <e.

Lemma 1 Let X be a Banach space,f, and F(x) are the supporting function and the duality mapping respec-
tively, Then for Vx e X,f, € F(x). Furthermore F(x) is single-valued at x if one of the following assumptions is
satisfied :

1)/, is the unique function in F(x) ;

2)F(x) is norm-weak” lower semi-continuous at x. (the definition see[ 3] ) ;

3)F(x) is norm-weak” continuous at x;

4)f. is norm-weak " continuous at x.

Proof Since f, is the supporting function on the unit sphere S, for Yx e S, ||x||=1 and <x,f, > =1 = HL I,
we have f.(x) = <x,f.> =1 = x| = £, |I?,s0 f, € F(x).

For x € X,denote x = At(t e S,A=0,then £,(t) = |[¢|F = |/, |*,by the simple deduction,we have

fo(x) =f(a) =27 (0) =2 el = A2 2P = [T aelP =[x, (1)
and Sy =fu ) =22 A =22 0402 = Ian P = 1A P = 1 0P, (2)
together with (1) and (2) ,we have f,(x) = x|’ = |£.]*,s0 f, € F(x).
1)Since f, e F(x) ,if f, is the unique function in F(«x) ,then f, = F(x) ,obviously, F(x) is single-valued;

x

2) Since the duality mapping F(x) is the sub-differential d¢p(x) of p(x) = % llx|*, and the sub-differential

d¢(x) is single-valued at x if and only if it is weak " lower-semi-continuous at x (see[4]) ;
3) It is well known. See[ 1,4 ] ;

4)If f, is norm-weak " continuous at x,but F(x) is not single-valued at x. Suppose that there exist two differ-

*

ential functions £, ,f, € F(x). For a positive real sequence A,—0, for ¥y e X,when x + A, y—x(n—>o ) ’f;+/\n}w—)

x
5

~ ~ w T
f.and f,,, — f, ,then we have

1 1 1
Sllw e a P =Sl =l + AP = S-Clle + A,x P+ ) <l + 2,0 = Clle+ 2, 21D

= x+/\"j'(x +Any) _fu).,,«f(x) = x+/\,,)‘[ (x +/\n9’) _x:l :f.‘r+)\n)'(Arly)
=Aufv+)\,”(y)' (3)

Simﬂarly,g\lxuz —%le + Ay = 1xlP —%( P + Nl + A0 IP) <l l? = Cllxllllx +A,x1D
<f (x) ~f (x+Ay) =f [x—(x+A1,0)]=f.(=A,»)
= -AS (), (4)
(3) and (4) gives 0<A,fi,,,(¥) =A/,(y) and /' (¥) <f.,, ().

w—>ﬁ ,then for ¥V y e X,we have

£ <fi(y). (5)

Let n—o ,since x + A, y—x andfxﬂm
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Employing the same method above,we obtain

L)</ (6)
By (5) and (6) ,for Vy e X,we have f,(y) =ft(y).lt shows that

fo=s (7)
it is a contradiction to the assumption,so F(x) is single-valued at «x.
In the following,some equivalent conditions for the continuity of the duality mapping are discussed.
Theorem 1 Let X be a Banach space, X" be the conjugate space of X, F(x) be the duality mapping on X.
Then the following conditions in every group are equivalent
1)( 1 -1)F(x) is norm-norm continuous on X;
(1 -2)VxeX,x,—x,x" € F(x) ,then Jx, € F(x,) ,such that ] —x" (n—o ) ;
(1 —=3)For any x € X, there exists a supporting function f, : X—X " ,which is norm-norm continuous on X.
2)(2 -1)F(x) is norm-weak continuous on X;

*

(2-2)VxeX,x,>x,x e F(x),then x € F(x,) ,such that Vy** eX*" <x "  >—><x ,y° " >

(n—o0 ). (also denote :x,’ BN )
(2 =3)For each x € X, there exists a supporting function f, : X—X " ,which is norm-weak continuous on X.

3)(3-1)F(«x) is norm-weak”™ continuous on X;

(3-2)VxeX,x,—x,x" € F(x) ,then Jdx € F(x,) ,such that Vye X, <y,x, > > <y,x" >(n—
o ). (also denote ;x, Lot )
(3 —=3)For any x € X, there exists a supporting function f, : X—X " ,which is norm-weak” continuous on X.

4)(4 —1)F(«x) is norm-norm uniformly continuity on D C X

(4-2)Ve>0,38>0,forVx,yeD,|lx -yl <8,then Ix" € F(x) and Fy" e F(y),such that
lx* —y" [ <e;

(4 —=3)For any x € X, there exists a supporting function f, : X—X" ,which is norm-norm uniformly continuity
on DCX.

Proof We first prove group 1) :

If ( 1 —1) holds,which means that F(x) is norm-norm continuous on X ,then we have F(x) is norm-weak”
continuous on X ,by Lemmal ,it follows that:F(x) is single-valued on X, which means that F(x) =x" ,F(x,) =
x, ,since F(x,)—F(x)(n—o ) ,we have x,' —x° (n—o ) ,so (1 —=2) holds.

Conversely,if (1 —2) holds,then x,”—x " (n—o ) implies x, k" . The result in Lemmal gives that F(x)
is single-valued on X, considering the assumption of x —x" (n—o ) ,we have F(x,) —F(x) (n—o ), which
means ( 1 —1) holds.

Taking the supporting function f, € F(x) into account,according to Lemmal and the proof above,we get (1 —
1) is equivalent to (1 —=3).

By applying the above technique analogously,2) ,3) and 4) is proved.

3 The Relations Between the Continuity of the Duality Mapping and the n-Rotundity Modulus

Denote A as the nonempty subset in X\{0},M the nonempty bounded subset in X, and

Cinfd int [ L a2y -
n(A,M) = inf 33§[2||xn syl = %5

Eal

¥oy=s
n(A,M) is said to be the n-Rotundity modulus on the nonempty subset A in X concerning the bounded nonempty
subset M (see[5]).

We first recall the definitions in[3]. Let X be a Banach space,S = {xlx e X, ||x|| =1} be its unit sphere. X is

said to be uniformly rotund,if for ¥ «,,y, € S,such that ||x, +y, ||->2,then x, —y,—>0(n— ) ;X is said to be

w
weak uniformly rotund ,if for ¥V x,,y, € S,such that ||x, +y, [|->2, then x, —y, —8(n—>o ) ; The conjugate space
£ . . * s -r * ® * * * s . W ’ . .
X* is said to be weak® uniformly rotund,if V«, ,y’ €S*,such that ||x +y [ >2, then x; —y ' —0;X is said
to be uniformly rotund in weakly compact sets directions,if when V x,,y, € S such that ||x, +v, || >2,and x, —y,

l>z( n—oo ) then z = 6.
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Theorem 2 lLet X be a Banach space,denote M,M" the bounded nonempty subset in X and in X~ respec-
tively. Let A be the collection of all norm closed and bounded nonempty subsets of X\{6},B be the collection of all
weakly closed and bounded nonempty subsets of X\ {0}, C" be the collection of all weak* closed and bounded non-
empty subsets of X\{01, and D be the collection of all norm compact nonempty subsets of X\ {§}. Then we have:

1)VAeA,n(A,M) >0 is equivalent to X is uniformly rotund;

2)VYBeB, n(B,M) >0 is equivalent to X is weak uniformly rotund;

3)VC" eC”,»p(C" ,M") >0 is equivalent to X" is weak” uniformly rotund;

4)VDe b,n(D,M) >0 is equivalent to X is uniformly rotund in weakly compact sets directions.

Proof For the proof of 1) and 4) ,please check[5]. We now prove 2).

2)Assume V¥ Be B,n(B,M) >0,but X is not weak uniformly rotund , which means that &, >0,f, € S* and
the subsequence {x, | ,{y,} of {x,},{y,},such that ||x”k + Y -2, but ‘fo(x%) ~fo(y.,) | =&, ,for VY k. Noti-
cing that Ky s Y, €5 ,580 ||x"k I = Hynk | =1. For Vk,we have

eo<fi(x,) ~foi(y,) | = /(e =2 ) [ <o llllx, —v, I =lx, 5,12, (8)

Denote B, as the weak closure of the set {z, Iz, =x, —v, },then it is clear that B, is a weakly closed and bounded

"
nonempty subset of X\ {61};Denote M, = {x, },obviously M, is a bounded subset of X. From (8) we obtain:

2

) =2[ o, [P+ 1y, 7] = lIx,, +,, [P0,

nj

1 1 X, TV,
O Ll I o 2lly,, P - | T2

and n(By,M,) =inf{ inf
M

zeBy | xeM

L+ Lyt - 5227 -
[l + P = =52 ] § =0,

ye
x-y=z

which contradicts to the assumption. So X is weak uniformly rotund.

On the other hand,if X is weak uniformly rotund, but the assumption ¥V B e B, n(B,M) >0 does not hold,
which means 3 B, € B,and the bounded nonempty subset M, C X ,such that n(B,,M,) =0. It follows that there ex-
ists z, e By ,x, e M,,y, =x, —z, ,such that

no
2
2 Xy + Y

2

1 1 2
20, P+l ) = Il 3, I =4l 7+ 5ol P = )—0.

However x, —y, =z, € B,CX\{60} ,which leads to that
Jey >0,for VieX ,If(x, —y) 1 =1f(5) 1 =s,
then we get the fact that {x, —y,} ={z,} do not convergent weakly to 6,hence by 2( ||x, ||* + ||y, |I") = |lx, +7,

2
—0,we

can not deduce x, —y, =z, LO by the results in[ 3] ,which is a contradiction. So the proof of 2) is completed.

Employing the same technique as the proof in 2) ,the proof of 3) can be completed.

Theorem 3 Let F(x) be the duality mapping in Banach Space X,n(A,M) is the n-Rotundity modulus on
the subset A of X concerning the bounded subset M. Here A,B,D is the same as we mentioned in Theorem2. M and
M " are the bounded subset of X and X" respectively. Then we have:

1) F(x) is uniformly continuous on any subset of X is equivalent to VA eA,n(A,M) >0;

2)F(x) is weakly continuous on X<V B eB,n(B,M) >0;

3)F(x) is weak” continuous on X" <V C" eC* ,np(C* ,M") >0.

Proof F(x) is uniformly continuous on any subset of X is equivalent to X is uniformly rotund ; F(x) is weak-
ly continuous on X is equivalent to X is weakly uniformly rotund; F(x) is weak”™ continuous on X" is equivalent to

X" is weak ™ uniformly rotund. Then by Theorem?2 ,it is proved.
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