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Abstract: Research in biology, economics, mathematics and many other disciplines have an important application of nonsingular H -
matrix judgment problem, in the H — matrix a subclass of matrix a; — strictly diagonally dominant matrix, with one of the important the-
orem o, — strictly diagonally dominant theorem by using the construction certificate is obtained by the method of generalized strictly di-
agonally dominant matrix( nonsingular H — matrix ) new concise and practical criterion.
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1 Introduction

Generalized strictly diagonally dominant matrices ( nonsingular H — matrix) play a vital role in computational
mathematics, mathematical physics, control theory and other fields (In these years have get some criteria for H —
matrix'' "*') |the o, — diagonally dominant theory have been proved to be very useful in this problem. In this paper,
a new criteria for generalized strictly diagonally dominant matrices is obtained by using the «; — diagonally dominant

theory. The numerical example verifies the validity of this criteria.

LetA = (a;) € C™ ,R(A) = z ‘a[/-‘ ,C(A) = Z ‘aﬁ‘ ,V =1{1,2,--- ,n}. Ais called a strictly diagonally

dominant matrix,if |, | > R,(A) , er N ,denote A Dij . Hypothesis positive diagonal matrix D meet AD  D. , A
called the generalized strictly diagonally dominant matrix,martk A € D. (i.e., A is a nonsingular H — matrix).

Definition 1 '/ LetA = (a;) e C™" ,if there is @, e (0,1] such that |q, | > aR, + (1 —a)C,, Vi e N.
So A called a strictly @, — diagonally dominant matrix, mark A € D.(«,) ,in which R, = R,(A) , C, = C,(A) .
Hypothesis positive diagonal matrix D meet the matrix AD € D.(«a,) , A called a generalized strictly o, — diagonally
dominant matrix, mark A € D" («,) .

Denote N, = {i ¢ N:0 < ‘aii‘SOLR[ + (1 —a)C;},N, =1{i € N: \a,.,.\ > aR, + (1 —a)C,} ,AndA(N,)
is a sub-matrix of A whose rows and columns are indexed by N, .

If N, = (J, Ais a strictly @, — diagonally dominant matrix,and if N, = (ZJ , A can not be a generalized strictly
o, — diagonally dominant matrix,so only the condition that N, , N, % (/) is considered in this paper.

Lemma 1 A = (a;) e € if and only if the following conditions can be satisfied ,so A e D." ( nonsingu-
lar H - matrix).

1)A e D.(a))
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2 ) There are two positive diagonal matrices D, and D, such that D,AD, e D. .

We can get the conclusion from Lemma 1 that if A € D" («,) ,then A is a generalized H — matrix.

2 Main Results

Theorem 1 IfA € D.(«,) ,50A(N,) € D" () -
Proof Assume that A(N,) ¢ D" («,) ,we employ the contradiction method to prove that this case is impos-
sible.
If the assumption is true,then V D = diag(d, ,d,,--,d,) (d, > 0) ,there exists k € N, such that
‘akkdk‘sa( 2 ‘akjdj‘)-'-(]_a)( 2 ‘a/kdk‘)’ (1)
je Nk jeNTa=k
Because A € D.(«,) ,so there is a positive diagonal matrix D' , D' = diag(d’,,d’,,---,d’,) such that
AD' € D.(«;) ,namely
g’y > O T Ly, D + (=00 T g [Zal 3 Jadi) + (=) ¥ faa ). @)
jeNy.j#k jeNy,j#k
(1) is in contradiction with (2) ,so the assumption is false,i.e. , A(N,) € D" («,) .
Theorem 2 A = (a;) e C"™ e D. if the following 1) ,2) established
1) A(N,) € D and existsd, > 0 (i € N, ) ,such that
g > al 3 Jayd, D + (=) (3 lad, ) (VE e N 3)
jelrak
2) There exists a positive number g , Vi € N, .

‘aii‘>a Z‘a ‘%‘)"L(l_“)(zmﬁ‘)' (4)

jeN jeNyj#i J=i

‘a,_d.“"(a—l)z‘a»d‘
whmerk—(z‘ak]‘) kR =i Tk _ 2 \akd\ , ke N, .
jel o jefrg=e

layd, |+ (a = 1) Y |a,d, |
Specially , if izk - Y layd | =0 ther, = 1.

¢ jeNTj#k

Proof Construct a positive diagonal matrix D’ = diag(d’,,d’,,---,d’,) ,

n

where d. =

i

{dz(rknatrx{rk}+ ), 1e N
e N

1, 1 e N,.
LetB =AD", Vi e N, ,

rlgiilc{rk}+e > r, (2‘%‘)

[a,,dl+<a—1>§a,,dl ]
« : - z ‘al,‘d/ ’

jeha jeNTy=i
. d, |+ (a -1 Z d
So (max{r }+ &) |ayd; |+ ( 4 i ‘aﬂ /| 2 la; |,
i ” - Y lagd ]~ &

JjeNy.J#L

then(mdx{rA}+g)\a |d, +(a—1)(mdx{rk}+a)(2 \a |d,) —a(rkrg)l({rk}+g)( 2 \a/j\dj) > az \aij\ .

iZi jeNTj#i jeNy

i.e. ,(I;Il%?]({rk}+8) ‘d,»idi‘ > Ol[ Z ‘ai/“-‘_ (I]\E%ii{rk}+ &) z ‘aij‘d,-] + (1 —a)[ (Inax{rk

jeN; jeNyg#i =
So bl > 3 Jbl+ (1 =) 3 |5 (VieN). (5)
JjeN,j#i JjeN,j#i

From (4), Vi e N, ,
a fb [+ (1 - Z \bﬁ\—a(z\a,,\d(max{an)+ D la D+ (M=) Y lay| < la,| = [b,]- (6

i

feWJ#L JeNj#i jeNy JjeNyy#i JeNj#i
From (5) and(6)‘b“‘>a2 ‘bij‘+(1—a) 2 ‘bﬁ‘(VieN).
jENJAI jEN A

SoB € D.(a;) ,namely A € D. .
Corollary 1 letA = (a;) e C"™ if the following conditions can be satisfied ,then A is called a nonsingular H —
matrix.
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1) A(N,) € D" («,) ,and there existsd, > 0 ( Vi € N, ), such that
layd, | > aC Y |a,d|) + (1 —a)(; layd,|) ( VE e N )s

jeNT#k

+ -1 ,
2) max{r }< mih{[ ‘akk‘ @ ); ‘ajk‘
keN ke Ny :
a
Similarly the proof Theorem 1.
3 2 2 1
Example 1 LetA = 0.5 55 !
0.5 1 9
1 1 1 8.5

- Y layl (zakjd].)_l}.

jeN

anda = 0.5 ,then NV, = {1,2 3}, N, = {4}.

Letd, =d, =d, =1 ,A(N,) diagi{d,,d,,d,} is a strictly , — diagonally dominant matrix,and let & = 0.3 ,
layd, | =3 >0.5( Y ‘al]dj‘)+0~5( Z‘ | a,d, 1) =2.50,
J#

jeNTj#1

land,| =5 >0.5( Y \azjdj\)+0.5(2‘aﬂdz‘)=4’25’
J*

JjeNy,j#2
landy | =9 > 0.5( Y Jayd |)+0-5(Y [and,|) =425,
jeNy.j#3 73
la,| =85 >0.5(2‘a4v‘dj.(ma‘x{rk}+s)+ Z ‘a4")+0'5(Z‘ag‘)x7‘5382'
jeM ] kem jefggza Iz
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